A MULTIPLICITY THEORY FOR BOOLEAN ALGEBRAS
OF PROJECTIONS IN BANACH SPACES

BY
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0. Introduction. Many features of the theory of commutative W*-alge-
bras in Hilbert space have been shown to extend to appropriate operator
algebras in Banach spaces (cf. [2; 3; 7]). Recently an important gap in the
theory was closed by Dieudonné [4] who obtained a multiplicity theory in
the case that the adjoint X* of the underlying Banach space ¥ (and hence
also ¥) was separable. In this paper a new approach is developed which does
not require assumptions of separability and allows us to construct a multi-
plicity theory also for the algebra of adjoints in X* where the relevant topol-
ogy is the weak star or X-topology rather than the norm topology. Of the
various treatments of multiplicity theory in Hilbert space our development is
perhaps closest to that of Kelley [10].

The analogue of a commutative W*-algebra in a Banach space ¥ is the
operator algebra U generated in the uniform topology by a complete Boolean
algebra B of projections in X. For given x ¥, the cyclic subspace determined
by x is the manifold M(x) =clm {Ax| A EA}. A multiplicity function for U
is a function m on B to cardinal numbers, the value m(E) being roughly the
smallest number of cyclic subspaces required to span the range of E. The aim
of multiplicity theory in this setting is to decompose the identity I in 8B into
the sum of disjoint projections E of uniform multiplicity, i.e. projections such
that m(F) =m(E), whenever 0 F<E. In §2 such a decomposition theorem
is proved to hold for any function on an abstract B.A. to cardinals which
satisfies an appropriate condition of order continuity. Multiplicity functions
are constructed respectively for B in ¥ and 8* in ¥* in §§3 and 6 and the
continuity condition is verified. Following a detailed analysis of the range of
a projection of finite uniform multiplicity, one of the main results of the paper
(Corollary 8.5) is obtained: A projection E in 8 has finite multiplicity # if
and only if its adjoint E* in 8* has multiplicity ». We have been unable to
decide whether this result remains true for projections of infinite multiplicity.

Finally an application is made to the theory of spectral operators of scalar
tvpe developed by Dunford [7; 8]. If the resolution of the identity E(-) of
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such an operator T contains no projections of infinite uniform multiplicity,
then T is similarity equivalent, T=A4"1NA, to a normal operator N on an
appropriate Hilbert space § where the operator 4: ¥—9 and its inverse are
closed and densely defined. Moreover, A establishes a one to one correspond-
ence between the subspaces of ¥ invariant under E(-) and those of § invari-
ant under the resolution of the identity of V. This result may be compared
with the theorem that every scalar type spectral operator in Hilbert space is
similarity equivalent with a normal operator where the operator 4 yielding
the equivalence is bounded. (This important theorem is a consequence of a
result of Dixmier [6] and Mackey [11, p. 146].)

1. Preliminaries. For convenience we shall summarize here some facts
from the author’s paper [3] where further details will be found. A Boolean
algebra (B.A.) of projections in a real or complex Banach space is a family
B of commuting projections containing 0 and I which is a B.A. under the
operations

EN F = E+ F — EF, ENF = EF.

The corresponding ordering is that ESF if and only if EF=E. A given
family { E.} of elements of 8 may have a least upper bound VE, or greatest
lower bound AE, in %B, in which case one has the inclusions

(VEQX D dm{EX}, (A EQ)¥ C N EX,

which follow directly from the formula for the ordering. (These inclusions are
necessarily equalities whenever the family is finite.) The equations

E/\(VFﬂ)‘_‘V(E/\Fﬂ)) EG%,
EN (N Fg) = N (EV/ Fp), Ec 8,

are valid whenever the terms are defined(?). We say 9B is complete (or
o-complete) as an abstract B.A. if every family (sequence) has a least upper
bound and greatest lower bound in 8. A stronger form of completeness is
more useful, however. In what follows we shall call B complete if for every
family {Ea} C$, the projections VE, and AE, exist in ¥ and, moreover,

(V E)X = cim{EX}, (N E)%X = N EX.

It is shown in [3, Lemma 2.3] that if B is complete, a monotone increasing
(decreasing) net {E.} in 8 converges in the strong operator topology to
VE, (AE,). Similarly one defines a g-complete B.A. of projections and a
similar convergence theorem holds for monotone sequences. If B is ¢-complete
(or even only o-complete as an abstract B.A.) there is a uniform bound for
the norms of the projections in 8 [3, Theorem 2.2] which we shall con-
sistently denote by M.

2 See, for example, G. Birkhoff, Lattice theory, New York, 1948, p. 166.
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If B is o-complete, its closure B in the strong operator topology is a
complete B.A. of projections with the same bound [3, Theorem 2.7]. A
o-complete B.A. B is complete if and only if the algebra generated by 8 in
the uniform operator topology is weakly closed [3, Theorem 4.5]. If & is
complete its Stone space  is extremely disconnected, and we may regard B
as a projection valued measure E(-) on the Borel sets of Q. For corresponding
to each Borel set e in such a space there is unique open and closed set e,
such that (e —eo)\U(eo—e) is of first category. Our definition of completeness
insures that the vector measure E(-)x is countably additive for each x&EX.

Since Dieudonné’s results are stated in somewhat different terms from
ours it is desirable to compare the two approaches. Let C(K) be the Banach
algebra of all continuous complex functions on a compact Hausdorff space
and T be a continuous representation of C(K) into the algebra {(¥X) of
bounded operators on a separable Banach space X. For each xE%, x*&X*,
there exists a regular measure u(-; x, x*) on the Borel sets of K such that

) w1 = [ ks 2, ), fE CK), x € %, 2% € ¥*.
K

Dieudonné studies such a representation under the hypothesis that 7" may be
extended to a representation (again denoted by T') of the algebra B(X) of all
bounded Borel functions on K into (¥) such that

(2) **T(flx = fo(k)y(dk; x, x*), f€ B(K), x € X, 2* € X*.

The range of T on the characteristic functions in B(K) yields a B.A. 8 of
projections in ¥ which we may regard as a spectral measure E(-) on the Borel
sets of K. Condition (2) implies that x* E(-)x=pu(-; x, x*) so the measures
x*E(-)x are countably additive. This in turn implies 8B is o-complete and
further (since X is separable 8B is countably decomposable) that 8 is complete
[3, p. 350]. Hence the range of T on B(K) is weakly closed. We have pre-
ferred to base our development directly on 8.

2. Multiplicity functions on a complete Boolean algebra. This section
contains a basic decomposition theorem for certain cardinal number valued
functions on a B.A. This theorem is very closely related to a result of Halmos
[9, p. 82].

2.1. DErINITION. Let B be a complete abstract B.A. A function m on 8
whose values are cardinals will be called a multiplicity function if

(i) m(0) = 0, and
(“) m(vaEa) = Vam(Ea)y {Ea} c 8.

The number m(E) is called the multiplicity of E. We say EE DB has uniform
multiplicity n if m(F)=n whenever 0% F<E.
A subset D of Bisan ideal if E, FED implies EVVFED and GEE, EED,
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implies GED. The ideal D is dense if every element of B is a union of elements
of D. A g-1deal is an ideal closed under countable unions.

2.2. LEMMA. Let D be a dense ideal in B and m be a function on D to cardi-
nals such that m(0) =0 and m(Vy Eo) = V. m(Es) for each family {E.} €D
such that Ny E.€D. Then there is a unique multiplicity function on B which is
an extension of m on .

Proof. If EES define m(E) =V, m(B,), where {B.} is any family in ©
such that E=VB,. If also E=VC;s, Cs€D, then for each a, 8, Ba= Vs B.Cs,
and Cg=V, B.Cs. Thus

Vam(B,,) = Vam(VﬂBaCB) = Va,ﬁm(BaCﬂ)
= vﬁm(vaBacﬁ) = Vﬂm(cﬂ)’

showing the extension is well defined. To see the extension is a multiplicity
function, let E,&%, E,=V, E,, E,&E8. For each vy we have E,=V; Gy,
where G, €D. Then

m(Eo) = Vy,0m(Gys) = VyVeom(Gys)

= V,m(E,).
That the extension is unique follows easily from the distributivity.

2.3. THEOREM. Let m be a multiplicity function on a complete abstract
B.A. 8. Then there is a unique family { E,} of disjoint elements in B, n running
over the cardinals <m(I), such that

(i) I=VE,,

(ii) If E,0, E, has uniform multiplicity n.

Proof. We show first that each nonzero EE® bounds a nonzero GES of
uniform multiplicity. For let #,=min {m(F)|0% F<E}. Since the cardinals
are well ordered, there exists a projection G=E with m(G) =n,. Clearly G
has uniform multiplicity #,. Now from Zorn's lemma we obtain a maximal
family § of disjoint elements of 8 each having uniform multiplicity. For
each cardinal » let E, be the supremum of those FE§ with m(F)=n. If
0= G £ E,, then G is the union of elements of B of multiplicity ». Hence E,
has uniform multiplicity »#. Finally suppose also that I=VF, where the
F, are disjoint and satisfy (ii). Suppose E;#0. Since we may write E;
=VE,F,, each element E\F, is zero or has uniform multiplicity k. Thus
EF,=0 if nk. Consequently F;>0 and E;=<F;. Correspondingly if
Fi#0, E;#0 and F, £ E,. Thus for each n, E,=F,, showing the uniqueness.

3. The multiplicity function for B in X. Now let B be a complete B.A. of
projections in the real or complex Banach space ¥. We shall obtain a natural
multiplicity function for 8. To do this a few auxiliary notions will be needed.
For each xE¥ the projection A { E| Ex=x} will be called the carrier projec-
tion of x. We note that if G is the carrier projection of x and 0% F=G, then
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Fx#0. The cyclic subspace M(x) spanned by a vector x is clm {Ex| EcB}.
A projection EE®B will be said to satisfy the countable chain condition if
every family of disjoint projections in 8 bounded by E is at most countable.
We shall denote by € the set of all EE® satisfying this condition. The
multiplicity will first be defined on €, its unique extension to ¥ being a con-
sequence of Lemma 2.2.

3.1. LEMMA. The set G is a dense o-ideal in B. A projection belongs to € if
and only if it is the carrier projection of a vector in X.

Proof. We note first the purely algebraic fact that € is a o-ideal. That it
is an ideal is clear. Now suppose F=V,_, F,, where F,EG, and let F be the
union of a family {E.,| vET} of disjoint elements of B. Then for each fixed 7,
at most countably many of the products F,E,, y&T, are different from zero.
It follows that {y|E,F,0 for some n} is at most countable. But this is the
set of v for which E, #0, since for every v, Ey= V-, E,F.,.

Now let E be the carrier projection of a vector x and suppose E is the
union of a family {E.}, a€ 4, of disjoint elements of B. By [3, Lemma 2.3]
we have lim, Zae, E.x=1x, where o runs over the finite subsets of 4, ordered
by inclusion. For each €>0 there exists a ¢ such that |x— D, Eax| <eM,
so if B o, then |E5x| = |Eg(x— >, Eax)l <e. It follows that at most count-
ably many of the vectors E.x, a €A, are not zero. As E,<E, the equation
E,x=0 implies E,=0 as remarked above. Thus the carrier of any vector be-
longs to €.

It will next be shown that € is a dense ideal. If EE$, then it bounds the
carrier projection of every vector in its range. By Zorn’s lemma we can find
a maximal family of disjoint carrier projections E, bounded by E. If the
projection E—V, E, is not zero it bounds a carrier projection, so the maxi-
mality of the family implies E=VE,. Moreover, each E, is in € as we have
just shown.

Finally it must be shown that each E&C is the carrier projection of a
vector. Since EEC we may express E is the union of a sequence of disjoint
projections E, each of which is the carrier of a vector x, with |x,, =<1. De-
fine xo= 9 m-y 27"x,. Clearly Exo=x,. We assert E is the carrier of xo. For
suppose that FE® and Fxo=x,. Then for each =,

2-rx, = E.xo = E,Fxo = FE,xo = 27"Fx,.
Thus Fx,=x, n=1,2, -+ -, showing FZE,, n=1, 2, - - - . It follows that
F=E, and the proof is complete.

3.2. DEFINITION. If EEC we define m(E), the multiplicity of E, to be
the smallest cardinal power of a set 4 of vectors such that

EX = cm {M(x) | x € 4}.

3.3. LEmMA. If E, FEG and F<E, then m(F) <m(E). If {E.}CC and
Ey=VE.EG, then m(Eo) =Va m(Ea).
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Proof. The first statement is clear since if EX=clm {M(x)|xEA4}, then
F¥=clm {M(Fx)|x€4}. It follows that V.m(E.) =m(E,). We now ob-
serve that there exists a sequence {G:} of disjoint elements in € such that
each G; is bounded by some E., and Eo= V-, Gi. For we may consider
families of disjoint projections in 8 each member of which is bounded by an
E,, and order these families by inclusion. By Zorn’s lemma there exists a
maximal family which must be countable, since E,&€. Clearly the union of
this maximal family is Eo. Now let o= \Vm(E,). There exist families of vec-
tors xf, k=1, 2, - - -, (some of whose members may be zero) such that
|xk| <1, Gixk=x%, and

G = cm {M(x) |1 < 7 < no}, E=1,2---

For each cardinal n=#, define y, = Z,?.l 2*x% Then Giy,=2"*xf and

EX =cm {G¥|k=1,2,- -} = clm{?ﬁ(xﬁ)[ 1< k< o,n= nl
= clm {M(yn) | # < no}.
Thus m(E,) S no, showing m(E,) = Vm(E,).

3.4. THEOREM. Let B be a complete B.A. of projections in X. There exists a
unique multiplicity function m defined on B with the property that for each E in
B satisfying the countable chain condition, m(E) is the least cardinal power of a
set of cyclic subspaces spanning the range of E. There is a unique decomposition
of the identity I =\ E, into disjoint projections such that if E,#0, E, has uni-
form multiplicity n.

Proof. This theorem follows immediately from the preceding lemma,
Lemma 2.2 and Theorem 2.3.

4. Structure of cyclic subspaces and the separation theorem. Suppose for
the moment that X is a Hilbert space and B is a complete B.A. of self-adjoint
projections. It will be convenient to regard B as a spectral measure on the
Borel sets 2 of its Stone space 2. We recall that if f is a Borel measurable com-
plex function, the (in general unbounded) normal operator S(f) = fof (w) E(dw)
has domain

D60 = | [ 156 By, ) < =}

If x€X%, then M(x) = {S(f)x| xED(S(f)) } In fact the correspondence S(f)x
—f defines an isometric isomorphism of the cyclic subspace I(x) onto
L(, Z, u), (where u=(E(-)x, x)), and operators of the form S(g) on M(x)
act under this isomorphism as multiplication by g in Ly(Q, Z, u). If a projec-
tion in B satisfies the countable chain condition and has multiplicity %, we
may span its range by » orthogonal cyclic subspaces and the isomorphism
extends to an isometric mapping of X iz, M(x) onto D ign Lo(Q, Z, wa),
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mi=(E(-)x;, x;). Our aim is to recapture as much as possible of this structure
when X is an arbitrary Banach space. The main obstacle is the lack of
orthogonal complementation, and one must supply a substitute for the meas-
ures (E(-)x, x). A suitable representation for the range of E will be obtained
only in the case m(E) < . However, there the similarity with the Hilbert
space case is striking.

Our first objective will be to obtain a characterization of cyclic subspaces
similar to that in Hilbert space. Hereafter B will be a complete B.A. of pro-
jections in a Banach space X. Regarding B as a spectral measure we recall
(cf. [7, p. 340]) that for any bounded Borel function f, the integral S(f)
= [of (w) E(dw) exists in the uniform operator topology and the correspondence
J—S(f) determines a homomorphism of the algebra of bounded Borel func-
tions on Q into the algebra of bounded operators on X¥. When f is unbounded

we define the sets e, = {w| [f(w)| <m}, m=1,2, - - - . The operator S(f) has
domain
D(S() = { lim f (@) E(dw)y ex1sts}
and is given by the formula
Sy = lim f(w) E(dw)y, y € D(S(f)).

em

In [1] an operational calculus was developed from this definition in the spe-
cial case that E(-) was a spectral measure on the Borel sets of the complex
plane. However, the arguments in [1], with suitable modifications, suffice
to prove the properties of the correspondence f—S(f) which are collected
in the lemma below. A complete discussion will appear in [8, Chapter XVIII].

4.1. LEMMA. Let E(-) be the strongly countable additive spectral measure on
the Borel sets of Q determined by B. The operator S(f) corresponding to a Borel
function is a closed operator with dense domain. Moreover,

(@) D(S(f))= D(S(lf( ),

(b) D(S(f)SD(S(g)) if | /(@) =g,

(c) S(f) is bounded if f is bounded, and

sup | f(@)| < |S(H)| < 4Msup |f(w)],

w€EQ w€EQ

(d) S(ef) =aS(f),

(e) S(f+g)25(f)+S(g),

() S(fe)25(f)S(g); D(S(f)S(g)) =D(S(fg))MD(S(g)),

(8) S(f)E(e)2E(e)S(f) for ecZ,

(h) S(f) has an inverse if and only if E(f~1(0)) =0, in which case S(f)~*
=S(1/f),

(i) x*S(f)x=faf(@x*E(dw)x, x€D(S(f)), x*EX*.
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If xE€X, it is clear that M(x) D{S(f)x|xED(S(f))}. A certain amount of
machinery will be required to prove that this inclusion is an equality. The
fundamental tool is the separation theorem 4.3 proved below. For its proof
we shall need some properties of the family 8* of adjoints of elements of B.
If EE®, then E* is a projection in ¥* whose range is the X-closed manifold
{x*|x*(I—E)¥=0}. Since E\/F=E+F—EF and EAF=EFin 9 it follows
that (EVF)*=E*\/F* and (EAF)*=E* A\F* Also E*< F* if and only if
EZ<Fin 8. It follows that B* is a B.A. of projections with the same bound
as B. Completeness for B implies B* is complete as an abstract B.A. and
the range of VEJ is the span of the manifolds EXX* in the ¥-topology, while
(ANEXX*=NEXX*. These facts are proved in [3, p. 348].

4.2. DEeFINITION. A closed linear manifold I in X is called an invariant
subspace if S(f)lxEM whenever xEM and xED(S(f)).

4.3. THEOREM. Let M be a closed invariant subspace in X and xo&X with
M(x0) M = (0). There exists a functional x3 SX* with the properties

(1) % (M) =(0),

(2) x3S(f)xo>0 if f is a non-negative bounded Borel function for which
S(f)xo#=0.

Proof. It is clear that without loss of generality we may suppose the
carrier projection of xo (cf. §3) is the identity I. Thus if 0% EE®S, we have
Ex,50, and I satisfies the countable chain condition. It will be convenient
to isolate a portion of the argument.

PROPOSITION. If 07# FEDB there exists a projection G in B and a nonzero
Sfunctional y*EX* such that

(i) G=A{E|y*Ex=y*x, x€EM(x0)},

(i1) y*(M) =(0), and

(iii) 0%G<F.

Proof of the Proposition. Let z*€¥* be chosen so that z*(I)=(0),
while 2*(Fxo) #0. Let ® = { EEB|2*Ex =2*Fx, x €M (x0) } . Now if Ey, B, EO,
g*E\Eoyx =2*¥FEyx =2*¥E Fx =2*Fix =3*Fx, xEM(x0), so & is closed under
finite intersections. Thus @ is a decreasing net when its members are directed
by inclusion and therefore converges strongly to the projection

G=MAN{E|Ee€ &}
(cf. §1). Consequently

G*2z*x = 2*Gx = lim z*Ex = z*Fx, x € M(xo),
Ec®
and
G*z*y = lim z*Ey = 0, y € M.

Ee®
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If we set y*=G*z*, then clearly G and y* satisfy (ii) and (iii). LetH
=A {El y*Ex =y*x, x&IM(xo) } . Clearly G = H. However, if y*Ex = y*x for all
xEIM(x0), then

2*GEx = y*Ex = y*x = F*G*z*x
= G*3*Fx = 3*Fx, x € M(=0),

showing GE=G. Thus GZE, from which it follows G=< H. Hence G=H and
the proof of the Proposition is completed.

Returning now to the proof of Theorem 4.3, let us call a projection
G*EB* the xo-carrier of the functional y* if condition (i) of the Proposition
is satisfied. The Proposition shows the existence of families of disjoint projec-
tions in B*, each of whose members is the xo-carrier of a nonzero functional
which vanishes on M. By Zorn’s lemma there exists a maximal family § of
such disjoint projections. Since I G, the family § is countable. Let § = {G¥}
where G¥ is the xo-carrier of y}. Clearly VGj = I'*, since otherwise the Propo-
sition, applied to I — VG,, would contradict the maximality of §. We may
suppose Y ., y¥ converges and set y5= > . yr. We assert that I* is the
xo-carrier of yy. For if y§Ex=ysx, x EIM(x), then for each n,

y¥Ex = GXy&Ex = y*EGux
= yo*Gux = ¥.'%, x € M(x0),
so E*=G¥ n=1,2,---.
Finally we obtain xj from yg. It is convenient again to regard 8 as a

spectral measure. Let » denote the total variation of the measure YoE(-)xo.
Then there exists a function g in L (2, Z, v) such that

v(e) = f £(w)ye* E(dw)xo, e € 2.
Thus
o) = [ 1 6] e, c€s,

showing ‘g(w)l =1, except possibly on a v-null set. Redefining g to be zero
on this set we form S(g) = [og(w) E(dw) and define x5 = S(g) *y5. Thus x3 E(-)xo
=p(-), and xF(M) =7y (S(g)M) Cy5(M) =(0). Suppose now that f is a
bounded non-negative Borel function and that x5 S(f)xo= [of (w)x5 E(dw)xo
=0. Clearly then

yorE(e)xo = 0, e Z, e C e,
where eo={w|f(w)>0}. Thus y5(M(E(eo)xs)) =(0), so ys(I—E(er))x =%,

xEM(xo). Since I* is the xo-carrier of y§ we must have E(eo) =0, showing

S(f)xo=0.
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4.4. COROLLARY. Let B be a complete B.A. of projections in X and let
x0EX. There exists a functional x5 in X* such that the measure xg E(-)x, s
positive and dominates the vector measure E(-)x.

4.5. THEOREM. If x,EX, then M(xo) = { S(f)xo| e ED(S(S)) }.

Proof. Let x; be chosen as in Corollary 4.4 and let wo=x3yE(-)xo. Now
uo(e) =0 implies E(d)xo=0 for dCe, and thus that IM(E(e)xo) =(0). Thus if
xEM(xo), x3E()x=0. By the Radon-Nikodym theorem there exists a
function fEL(Q, Z, ue) such that

#E(e)x = f Fw)uolde), cC 3.

The correspondence T': x—f defines a linear map of M(xo) into L, (R, =, o).
It is continuous since [fq|f(w)|pmo(dw) =tot. var. x¥E(-)x<4M|x}||x|. For
each m let e, = {w] If(w)l §m}. We shall show that E(en)x=S(f"k.,)x, the
symbol k, denoting the characteristic function of the set e. If x*€%X*, then
x*E(-)xo is dominated by o, so

2 E(e)zy = f p(@uolda), €3,

where pEL,(Q, Z, uo). Let d be a subset of e, on which p is bounded, and let
{ g,.} be a sequence of bounded functions such that x =1lim S(g,)x,. Then

x*S(ga) E(d)x0 = j; gn(@)p(w)po(dw) — j; f(@)p(@)po(dw)

= x*S(f- ka)xo,

by continuity of T. However x*S(g.)E(d)xo—x*E(d)x. Thus x*S(f- ka)xo
=x*E(d)x. By a limiting argument x*S(f- k., )xo=x*E(es)x. However, x* is
arbitrary so E(em)x=S(f k.,)x0. Since x=lim E(en)x, x0&D(S(f)) and
xX= S(f)xo.

4.6. CorOLLARY. If f is a Borel function and x, € D(S(f)), then
FEL(Q, Z, x5 E(-)x0) for every xg satisfying the conditions of Corollary 4.4.
We close this section with a useful lemma.

4.7. LEMMA. Let IR be a closed invariant subspace and let yo&X%X. There
exists a maximal projection E(EB such that Eoyo&SIM. Moreover,

MM — Eo)yo) = (0).

Proof. If 2EM(yo) M then, by Theorem 4.5, 2=S5(f)y, for some Borel
function f. If ¢ is any set in Z on which f satisfies an inequality K-!'< |f(w)|
<K then E(e)yo=S(g)s, where g=f"1k,. Thus if M(yo) NP < (0), there exist
projections E with 07 Eyo&EM(ys) M. Let E, be the supremum of such
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projections. If M((1 — Eo)yo) NPt~ (0), the same argument may be used to
contradict the maximality of Eo. If M(yo) MM =(0), then I — E, is the carrier
projection of yo (cf. §3).

5. Representation of EX. In this section we shall examine the range of a
projection E of finite uniform multiplicity. Since every projection in 8 is the
union of disjoint projections in € it will be sufficient to suppose EEE. To
avoid notational difficulties we shall suppose the identity is in € and has
finite uniform multiplicity #. Then there exist vectors xy, - - -, x, such that(?)
¥= Vi, M(x,) and no smaller number of cyclic subspaces will span ¥. We
shall see that the manifolds MM (x;) for such a minimal spanning set are all dis-
joint and that we may imbed ¥ in a direct sum of L, spaces D _i-; Li(Q, =, u:)
analogous to the imbedding in a sum of L. spaces in the classical Hilbert space
case. The measures u; have the form x*E(-)x;; x*€EX*. This fact is the key
to the later discussion of the duality between multiplicity in ¥ and in X*.

5.1. LEMMA. Let the identity satisfy the countable chain condition and have
finite uniform multiplicity n. If x1, - - -, x, 15 any set of vectors such that
X= Vi, M(x,), then

(1) the carrier of each x; is I,

(2) Mx)NVjei M(xj) =(0), i=1, - - -, n.

(3) For each i there exists a linear functional x¥ such that x*(V e M(x;))
=(0), while x}*S(f)x;>0 for each non-negative Borel function f such that
S(f)x:#=0.

Proof. To prove (2) suppose, for example, that there is a nonzero vector
2EM(x,)NViZ M(x,). By Lemma 4.7 we can find a projection E with
05 Ex,E V! M(x,). Hence EX = ViZ! M(Ex,) which shows m(E) =n—1 and
contradicts the assumption of uniform multiplicity. Statement (1) is proved
in a similar way, for if E is the carrier of x, then (I —E)XC V., M((I — E)x;).
Statement (3) follows from Theorem 4.3.

5.2. THEOREM. Let the hypotheses of Lemma 5.1 be satisfied. There exists a
linear continuous one to one map T of X onto a dense subspace of the direct sum

Sn LR, Z, wi), pe=xXE()xy; such that if Tx=1[fi, - - -, fu] then
(a) xt*E(e)x=fefi(w),ui(dw)v eezv 1’=11 c, R
(b) x=liMp. D gy S(fi-ke.,)x; where
en = {o| |fiw)| Smi=1,---, n}.

Proof. The proof proceeds very much like that of Theorem 4.5. Given
xEX, there exist bounded functions g7’ such that

x = lim Y S(gi)xe

m—0 1

n
Tl

(® It is convenient to denote by \/;_ M(x:) the smallest closed linear manifold containing

the manifolds M(x,), 1=1, - « -, n.
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For each e€X
xX*E(e)x = lim xi*S(g:L-ke)x,«.

m— e

Thus ui(e) =0 implies E(d)x;=0, dZe, so x*E(e)x=0. Consequently, for
each 7 there is a function f;E Li(, Z, u;) such that

x,-*E(e)x=ffi(w)y,~(dw).

Since
sup f Ifi(w) I ui(dw) = sup tot. var. {xi*E(-)x}
[} 0 (]
< 4AM| x| sup | x¥|,
[3

the linear map T:x — [fi, - - -, f.] is a continuous map of X into
ZZ‘.I Li(Q, Z, u;). Now let e,, = {w| |fi(w)| <m,i=1, .-, n} We show next
that

* E(em)x = 2 S(fi- ke, m=1,2,---.

t=1

Fix m and let x*€¥*. We may find functions p,E L, (Q, Z, u;) such that
**E(e)x; = fp,-(w)m(dw), e € Z.
If d is an arbitrary subset of e, on which py, - - -, p, are all bounded

> S(Ed)x: = ; f £() pu(us(des)

=1

-3 )Pl

= i a*S(fi- ka)x:.

=1

However also

lim i x*S(glz)E(d)x; = x*E(d)x.

k—owo o)

A limiting argument shows

2*E(em)x = 2”: 2*S(f: ko).

i=1
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Since x* is arbitrary we have proved (*). Statement (b) is obtained by let-
ting m— . Also (b) shows that if Tx=0, then x=0. The range of T is dense
as it contains all n-tuples of bounded functions.

5.3. COROLLARY. Under the hypotheses of Theorem 5.2 [Vie, M(x:)]
N [Vjew M(x;) ] = (0) for any partition [o, o’ ] of the set [1, - - -, n].

Proof. Suppose for example that 05z& Vi, M(x:) N\ Viaprq M(x,). Then
there exists a set ¢&Z and bounded functions g; such that

E(e)z = ), S(g:) E(e)xs, E(e)z # 0.
=1
Suppose without loss of generality that S(g.)E(e)x,#0. Then it belongs to
=8 M(x;), contradicting the fact M(x,) N VioT M(x,) = (0).

REMARK. It is interesting to note in connection with Lemma 5.1 that ¥
is not in general the algebraic direct sum of the manifolds M(x;). In fact,
Dieudonné [5] has constructed an ingenious example of a space ¥ and B.A.
of projections such that every nonzero EE® has multiplicity two. However,
for no choice of x; and x, or EE® is EX the algebraic direct sum of IN(Ex;)
and M(Ex.).

6. The multiplicity function for 8*. The next three sections are devoted
to defining a multiplicity function on the adjoint B.A. $* in X* and proving
theorems analogous to those established for 8. The relevant topology in X*
is now the weak * or %¥-topology. The range of a projection in 8* is an X-
closed manifold. If {E,} C® then (VEX)X* is the span of the manifolds
EX%* in the X-topology and (AE}¥*=NEXX* Moreover if {E*} is an in-
creasing (decreasing) net in 8B*, lim Eix*x= (VEL)x*x (AEfx*x) for each
xEX, x*E¥X*. These facts are proved in [3].

For a given x*CX* we define N(x*) to be the span in the X-topology of
the set of vectors { E*x*| E*€®8*}; and call it the cyclic subspace generated
by x*. These subspaces will be the building blocks for the multiplicity theory
in ¥*. The symbol €* will denote the family of projections in $* which satisfy
the countable chain condition. Clearly E*&C* if and only if EEG. The pro-
jection A {E*I E*x* =x*} is called the carrier projection of x*.

6.1. LEMMA. The family C* is a dense o-ideal in B*. Each E*SGC* is the
carrier projection of a vector in X*.

Proof. The first statement is clear. To prove the second let E*&E* and
recall that E is the carrier of a vector xo& ¥, by Lemma 3.1. Let x3 be chosen
as in Corollary 4.4. Replacing xj if necessary by E*xj, we may suppose
E*x¥=x¥ Suppose F*E€®* and F*xj=x;. Then (I*—F*)xj=0. Thus
xg (I — F)x,=0, from which it follows Fxo=x, Thus FZE so F* = E*, show-
ing E* is the carrier of xj.

Not every carrier projection in B* belongs to €* as one sees from the



1959] A MULTIPLICITY THEORY FOR BOOLEAN ALGEBRAS 521

following example. Let R be the real line, I be the o-field of all subsets of R
and v be the measure which assigns to each point in R the mass one. Taking
X=L(R, T, v), ¥*= M(R), the Banach space of all bounded functions on R.
For e&€T define (E(e)f)(r) =8:;f(r) where 6:=0if r e, 6:=1 if rCe. The B.A.
of such projections is complete and € corresponds to the countable sets. If
x* is the function identically one in M(R), its carrier is I* which is not in G*.

6.2. DEFINITION. If E¥*EE* we define m(E*), the multiplicity of E*, to
be the smallest cardinal power of a set 4 of vectors such that E*%* is spanned
in the X-topology by the manifolds {‘ﬁ(x*)lx*EA ).

The next lemma establishes the required continuity properties.

6.3. LEMMA. If E*, F*CG* and F*<E*, then m(F*) <m(E*). If {E}}
CGQ* and E§ = VELEG*, then m(Ey) = I'm(EY).

Proof. The proof is almost identical to that of Lemma 3.3. For example,
in the proof of the second statement one shows, using Zorn’s lemma as before,
that Eg = V., Gf, where each G} belongs to €* and dominates some E%.
There exist families {x}*} such that G¢%* is spanned in the ¥-topology by the
manifolds { R(x}*) | 1S n<no}, no= Vm(EY). The functionals y* = i, 2-kx**
span EgX*.

Now Theorem 2.3 yields

6.4. THEOREM. There exists a unique multiplicity function m defined on B*
with the property that for each F*CSGC*, m(F*) is the least cardinal power of a
set of cyclic subspaces spanning F*X* in the X-topology. There is a unique de-
composition of the identity I*=VNF; into disjoint projections such that if
Fy0, Fy has uniform multiplicity n.

7. Cyclic subspaces and separation theorem in X*. We may also consider
B* as a projection valued measure on the Borel sets = of Q. Now the meas-
ures E*(-)x*x are countably additive for each x €%, x*E%*. However, the
vector measures E*(-)x* may not be countably additive unless ¥ is reflexive.
If f is a bounded Borel function the integral S*(f) = [of(w) E*(dw) exists in
the uniform operator topology and clearly the operator S*(f) is just the
adjoint S(f)* of S(f) =fof (w)E(dw). Thus if f is an unbounded function we
are led to define S*(f) to be the adjoint of the closed, densely defined operator
S(f). That is, D(S*(f)) is the set of all x* such that z*(x) =x*S(f)x is con-
tinuous for x in D(S(f)) and S*(f)x* =z* for x*ED(S*(f)). The proof of the
following lemma is straightforward and will be omitted.

7.1. LEMMA. (a) The operator S*(f) is closed and D(S*(f)) is X-dense in %*.
(b) Let en={w||f(w)| <m}. Then x*SD(S*(f)) if and only if

lim S*(f-k.,)x*x exists for each x € %.

n— o

If this limit exists it equals S*(f)x*x.
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(c) If g is a bounded function and x* & D(S*(f)), then S*(g)x* S D(S*(f))
and S*(g)S*(f)x*=S*(f)S*(g)x*.

The next task is to prove that N(x*) = {S*(f)x*| x*&D(S*(f)) } For this
and other purposes we shall need a separation theorem analogous to Theorem
4.3.

7.2. THEOREM. Let N be an ¥X-closed invariant subspace in X* and let xgy
be a functional whose carrier is in C*. If MNN(xy) =(0), then there exists a
vector xo&X such that

(1) ¥*(x0) =0 for all y*& N,

(2) S*(f)xixo>0 for each bounded non-negative Borel function f such that
S*(f)xg #0.

Proof. We shall merely outline the proof as it is similar to that of Theorem
4.3. As before it is sufficient to suppose the carrier of xgy is the identity I'*.
It is well known that the X-continuous linear functionals on X* are precisely
those induced by elements of ¥. Also one knows (cf. [3]) that if {GX} is a
decreasing net in 8*, lim Gix*(x) = (AGE)x*(x) for xEX, x*EX*. Using these
two facts it follows much as before that if 0= F*&8*, there exists a projec-
tion G* in B* and a nonzero vector y in X such that

(i) G*=A{E*| E*xx*y=x*y, x*EN(xd)},

(ii) y*y=0 for y*EN,

(ili) 0#G* = F*.

Now using Zorn's lemma express I* as the union of a sequence of disjoint
projections Gy, each of which satisfies (i) for an appropriate vector y, of
norm one. The vector xo is obtained from y,= Y =, 27"y, by the formula
xo=S(f)yo, where f is the Radon-Nikodym derivative of tot. var. xgE(-)¥o
with respect to x5 E(-)yo.

7.3. THEOREM. If x§ EX*, then
N(x¥) = {S*(N)adt | ¢ € D)}

Proof. It is clear from Lemma 7.1 that each functional S*(f)xg is in N(xg).
To prove the converse it will be sufficient to suppose the carrier of xg is in
@*, since in any case it is the union of disjoint projections in C*. If 2*& N(x7),
there exists a net { g} of finite linear combinations of characteristic functions
such that

S*(ga) e (%) — 5*(x), xE X
By Theorem 7.2 there exists a vector x, such that
vo = F*()agdfxg = 28 E(-)xo = 0,
while if E*(eg)xgxy=0 then E*(ey)xg =0. Clearly z*E(-)x, is dominated by
vo so there exists an fEL(Q, =, vy) such that
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#BEn = [ fwn(do), cEs.
If & is any bounded Borel function
J rom@mids) = sz,
= lim $*(ga) x¢"S (k) xo

lim fﬂga(w) Iw)vo(dw),

showing g.—f weakly in L, (Q, Z, v,).

It remains to show that z*=S*(f)xg. If x€X, then vy dominates x5 £()x
=E*(-)x¥x, since vo(e)=0 implies E*(e)xg =0, as remarked above. Let
pPEL(Q, Z, vy) be chosen so that

SFE(e)x = f p(olde), ccs,

and set en= {w| |f(w)| Em}, m=1,2, - - - . 1f d is any subset of e, on which
p is bounded,

S* (g E(d)x = f ga() P()v0(dw)
d

= [ smtaa)

as go.—f weakly. Thus 2z*E(d)x=S*(f ka)xjx. By a limiting argument
2*E(en)x=S*(f k., )x3x, and since x is arbitrary, E*(e,)z*=S*(f k., )xs. It
now follows easily that x5y € D(S*(f)) and 2*=S*(f)x.

Analogous to Lemma 4.7 we have

7.4. LExya. Let N be an ¥X-closed invariant subspace in X* and let vs CX*.
There exists a maximal projection EyEB* such that E: Yo EN. Moreover

RORN((I* - Eg)xg) = (0).

The proof is similar and will be omitted.

8. Representation of E*X* We turn now to the representation of E*X*
when E¥*&E* and has finite uniform multiplicity n. The results are parallel
to those in X¥. The weaker form of completeness enjoyed by B* leads to a
weaker form of the representation theorem, as the relevant topology in ¥*
is now the X-topology. As before we shall suppose for convenience that E* is
the identity I*.
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8.1. LEMMA. Let the identity I* in B* satisfy the countable chain condition
and have finite uniform multiplicity n. If x*, - - -, xn is any set of functionals
such that(*) X*=Vi., N(x*), then

(1) the carrier of each x}¥ is I*.

(2) RNV i R(x}) =(0),2=1, - - -, n.

(3) For each 1 there exists a vector x; € X such that y*(x;) = 0 for
Y*E Vs N(xfF), while S*(f)x*x:>0 for each non-negative bounded Borel func-
tion f such that S*(f)x¥*#0.

Proof. This lemma is proved from Lemma 7.4 and Theorem 7.2 exactly
as Lemma 5.1 was proved from Lemma 4.7 and Theorem 4.3.

8.2. THEOREM. Let the hypotheses of Lemma 8.1 be satisfied. There exists a
linear one to one map U of X* onto a (norm) dense subspace of the direct sum

Sr L Li(Q, Z, ), vi=E*()xfx;; such that if Ux*=[fi, - - -, fa] then
(a) E*(e)x*x;=[fi(w)ri(dw), eEZ, i=1, - - -, n.
(b) x*(x)=limm., ZLI S*(fi-ke,)x¥(x), xEX, where
em = {w[ |f,-(w)| <mi= 1,---,n}.

The map U is continuous when X* and Y _ry Li(Q, =, v:) have their norm
topologies and also when X* has its X-topology and S i Li(Q, Z, v)) has its
weak topology.

Proof. Most of the proof of this theorem is a straight-forward modifica-
tion of the proof of Theorem 5.2. Given x*&EX* there exist nets gi of bounded
functions such that

x*(x) = lim Z S*(go)a*(x), x € X.

=1
For each e€2
2*E(e)x; = lim x*S(g:~k,)xi,

and the Radon-Nikodym theorem yields functions [fi, - - -, f.] such that
2*E(e)x; = ffi(w)ui(dw), e E 2,

yielding (a). The argument proceeds much as before to yield (b) and the
continuity of U for the norm topologies.

Suppose now that z¥(x)—z (x) for each xEX. Let [h, - - -, k] be any
n-tuple of bounded Borel functions. Then for each i=1, - - -, n

(*) The symbol V‘R(x?) denotes the least X-closed linear manifold containing the mani-
folds N(x!), i=1, -+, m.
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Za*S(hi)x,' g Zo*S(h,')x,'.

Let Usk=[fz, - - -, fe]l and Uzg=[f}, - - -, f2]. Then using Lemma 8.1, we
have

lim > S*(f;- ke,)x*S(h)x:

m—eo Gy

Za*S(h,') X

lim S*(fi- ke,)a*S(hs)x..

m— "

m— o

lim Fiw)hi(w)vi(dw)

- fﬂ Fiw)hi(w)ri(dw).
Similarly
*S(h)x; = {(@)hi(@)ri(dw).
wS(h)x fnf() (@)vi(dw)
Consequently,
lim, f Ji@)hiw)ri(dw) = Lf?(w)hf(w)l’i(d“’)’ i=1-ym

showing the continuity of U when ¥* has its ¥-topology and > &, Li(Q, Z, »;)
has its weak topology.

8.3. COROLLARY. Under the hypotheses of Theorem 8.2, [Vie, M(x¥)]
N [Viesr N(x¥)]=(0) for any partition (o, o’] of the set [1, - - -, n].

We are now able to prove the following important theorem.

8.4. THEOREM. Let B be a complete B.A. of projections in a Banach space
X and let B* be the B.A. of adjoints in B*. Then a projection E in B has finite
uniform multiplicity n if and only if its adjoint E* in B* has finite uniform
multiplicity n.

Proof. It is sufficient to suppose E and E* satisfy the countable chain
condition. Also since each projection is the union of projections of uniform
multiplicity, it is enough to show (a) if E has finite uniform multiplicity =,
then m(E*)<#n; and (b) if E* has finite uniform multiplicity #, then m(E)
<n. To prove (a) suppose EX=V;_, M(x,) and choose x* as in Lemma 5.1.
If E*¥* V7., N(x¥), then by the Hahn-Banach theorem for the ¥-topology
of X* there exists a nonzero vector x& E¥ such that y*x =0 for y*C Vi, N(x¥).
Then x¥E(e)x=0,eEZ,2=1, - - -, n. Thus x=0 by the one-to-one character
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of the map 7" of Theorem 5.2. The proof of (b) follows in the same way from
the fact U is one-to-one (Theorem 8.2).

8.5. COROLLARY. If n is an integer and EC B, then m(E) =n if and only if
m(E*)=n

8.6. COROLLARY. If X s separable then m(E) =m(E*) for every EC 3.

Proof. For each integer n let E, and Fy be respectively the projections of
uniform multiplicity # of Theorems 3.4 and 6.4. Then F; = EJ, the adjoint of
E,, in view of Theorem 8.4. Since ¥ is separable Eq,=1— V., E, is zero or
has uniform multiplicity 8. To complete the proof it is sufficient to prove
that if Eo#0, then m(Eg) =8,. However, m(Eg) SN, since if ¥ is separable,
it is well known that the unit sphere in X* is compact metric and hence
separable in the X-topology. By definition of the projections Fy, Eg can have
no part of finite nonzero multiplicity.

9. Similarity equivalence. We recall (cf. [7]) that a bounded linear oper-
ator Q on a complex Banach space is a spectral operator of scalar type if it
possesses a resolution of the identity E(-) defined on the Borel sets Z of the
complex plane P and Q= [, @NE(d\), where a(Q) is the spectrum of Q. The
resolution of the identity is a projection valued measure which is countably
additive in the strong operator topology and satisfies

E(P) = I, E(¢) = 0, E(e)Q = QE(e), ASD)
a(Q; E(e)¥) S ¢, ASHR

where o(Q; E(e)¥) denotes the spectrum of the restriction of Q to the sub-
space E(e)X. If we denote the range of E(-) by 8, then B is a s-complete B.A.
of projections and its closure B¢ in the strong operator topology is complete
(cf. [3]) Thus the multiplicity theory of the preceding sections is applicable
to B*. We now impose the assumption that B* contains no projections of
infinite uniform multiplicity. Our objective will be to show that, with this
restriction, the operator Q is, in a suitable sense, similarity equivalent to a
normal operator on a Hilbert space. However, rather than to seek the maxi-
mum generality it will be convenient to suppose that B is itself complete and
satisfies the countable chain condition. Both these properties hold for 9B if
¥ is separable, so this will be assumed for the rest of this section.

By Theorem 3.4 there exist disjoint projections E,, n=1, 2, - - -, such
that I=V.., E, and each E, is either zero or has uniform multiplicity ».(By
our assumption above Eyg,=0.) Corresponding to each # there is a Borel set
e, in the plane such that E, = E(e,). We may suppose the sets e, are disjoint
and P=U,;-, e,.

Now consider 7 fixed and suppose E,#0. It follows from Lemma 5.1 and
Theorem 5.2 that there exist vectors x1, - - - , %, and functionals x*, - - -, x)
such that EX=Vi, M(x,), x¥*(Vje M(x,)) =0, and the measures p,
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=x¥E(-)x;, now defined on the Borel sets of the plane, are positive and van-
ish outside e,. Moreover, there is a natural continuous linear map T, of E, %
into Dty Li(B, =, u;) with densely lefined inverse. Let W, denote the
identity map of §,= > oy Lo(B, Z, us) into I _pmy Li(B, Z, ui). As the measures
u; are finite, W, is defined and continuous, and the map A4,=W,'T, is a
densely defined closed map of E,X into , with densely defined inverse. We
suppose the norm of [k, - - -, h,] in §, is defined to be

[‘i L | 20 |2 d)‘)] 1

so that 9, is a Hilbert space. It is easily seen that
D(An) = {x S Euxl (Tnx)'() € L, (gB’ E; I-‘i)) 1= 1; Tty n}’

D(An_l) = {[hl) Ty, hn] E @n

m Y Sk ke, ) exists} ,
mo® i
where en={\| | i\)| <m, i=1, - - -, n}. Moreover, if g is a bounded Borel
function on B, the closure in §, of the densely defined operator 4,S(g)A4,*
sends [k, - - -, k,] into [ghy, - - -, gh,], i.e. corresponds to multiplication by
g. Taking for g the characteristic function k, of a Borel set there results an
isomorphic correspondence E(e)—k, between subprojections of E, in 8 and
a B.A. 8, of self adjoint projections in §,. Moreover, 8, is the resolution of
the identity of the bounded normal operator (,= [, AE(d\) which is the
closure of A,E(e,)QA4,;".

Now let the Hilbert space § = D =, §. be the direct sum of the Hilbert
spaces 9,. Elements of $ will be denoted by the single letter k. We shall de-
fine a map 4 of ¥ into 9. Let

D(A) = {x| E.x € D(A,) forallnand Y A,E,x converges in @} .

n=1

Define
Ax = > A.E.x, x € D(4).

. n=1

The properties of A are collected in the next lemma.

9.1. LEMMA. The operator A is a densely defined closed linear map of %
into © with densely defined inverse. Moreover, if P, denotes the perpendicular
projection of O onto Dn, then

D(A™) = {hl P.h € D(A) for all n and > AP,k converges in %}

n=1

and
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A" = Y A;7'P.h, h E D(47Y).
n==1
Proof. Let y.&ED(A4), yn—y0 and Aym—ho. Then E,y.—E,y,, and
PoAyn=A,E.yn—Prho, n=1, 2, - - - . Since 4, is closed E,y,&D(4,) and
AnE.yo=Pyho. Now

Z A,,Enyo = E P,,ho = ho.

n==1 n=1
Thus y&ED(4) and Ayo=ho, showing A4 is closed. If Ax=0 then A,.E.x
=E,Ax=0. Since 4, exists E,x=0, 50 x= 2 ) E,x=0 showing 4! exists.
Since each 4,! has dense domain the same is true of 4! The formula for
D(A-Y) is easily verified.

The next theorem is a straightforward consequence of the preceding dis-

cussion.

9.2. THEOREM. Let X be a separable complex Banach space and Q be a
bounded scalar type spectral operator tn X. Let B denote the range of the resolu-
tion of the identity E(-) of Q and suppose that B contains no projection of in-
finite uniform multiplicity. If A is the closed densely defined linear map of X
into the Hilbert space © of Lemma 9.1, then the closure Q of AQA~! is a bounded
normal operator. For each bounded Borel function g on the plane let S(g) denote
the closure of AS(g)A=1. The correspondence T: S(g)—S(g) preserves the oper-
ational calculus and

0= AE(dN),

Q)
where TE(e) = E(e), e€Z.

Our final objective is to show that the operator 4 induces a one to one
correspondence betwen the subspaces of ¥ invariant under 8 and those of $
invariant under $, the resolution of the identity of Q.

9.3. DEFINITION. If M is a closed invariant subspace in X we denote by
d(IM) the closure in P of the linear set 4(MMD(A4)). Similarly if & is a
closed invariant subspace in 9, ¥(®) denotes the closure in X of
A-Y(RNDA™Y)).

It follows from Theorem 5.2(b) and Lemma 9.1 that MM D(A4) is dense
in M. Similarly KND(47Y) is dense in ®. It is conceivable that ®(IN) con-
tains elements of D(4™!) not belonging to 4(MMND(4)), in which case
W (®(M)) contains M properly. Our objective is to show that this does not
happen. In fact ¥(®(M)) =M, P(¥(R)) = &, for all M and K. This property
of the invariant subspaces is a consequence of the special structure of E,X,
n=1, 2, - - -, and it will be convenient to prove a lemma first about the
maps 4.,.
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9.4. LEMMA. (a) If M s an invariant subspace of E,X then
) N D(A;) S A.[M N D(4,)].

(b) If & is an invariant subspace of O then
¥(8) N D(4.) € A7 [& N D(4:)].

Proof. To prove (a) suppose h°=[A?, - - -, h%] is an element of ®(M)
ND(A;') SO, and that h° =A,y,. We must show y,&EI. There exist vectors

Ym in MND(4,) such that A.y.=[A7, - - -, K2]—=[R, - - -, K] in .
= > Ly(P, T, us). By extracting subsequences we may suppose h—h{ al-
most uniformly with respect to w;, =1, - - -, n. Given >0 there exists a
Borel set e, such that ui(e!) <e¢, i=1, - - -, n, and AP—h{ uniformly on e,.

The functions kf* are bounded on e. and

E(e)ym = 3 SO k)

il
— 3 S(hi-ke) = E(e)yo
il
so E(e)yoEM. An obvious limiting argument shows y,& M, establishing (a).
If &V (R)ND(4,) and yo=A4; ko, there is a sequence {k™} of n-tuples

in ®N\D(4-Y) such that y,=A4;'h"—y, Then T,y.=[K", - -, Kp]
—[n, -+, K] in 2~ Li(B, =, m). Consequently, given >0, E(e)hm
—E(e)h® in subsequence, where ui(e!) <e¢, t=1, - - -, n. Thus A E R, so
WEA’[RNDAM].

9.5. THEOREM. Let the hypotheses of Theorem 9.2 be satisfied and let the
maps D and ¥ be defined as in Definition 9.3. Then there exists a one to one cor-
respondence between the invariant subspaces I of X and the invariant subspaces
R of O given by the relations

(@) =M, 2(¥(R) =8 MS% LSO

Proof. The desired relations follow immediately from the two equations

(a) ®(M) N D(A™Y) = AN D(4))
and
(b) Y(R) N D(4) = A1 (R N D(47Y)).

We shall prove (a), the proof of (b) being similar. Clearly the right side of
(a) is contained in the left. It follows from Lemma 9.4 that

# S(EM) N DA™Y C A[(EM N D], n=1,2,---
Now (E,DND(A) = E.(MND(A)) and P, A(MND(A)) =AE,(MND(4)).
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Taking closures of both sides of the last equation shows P, (M) =®(E,M),
n=1,2, .. Nowlet hL€P(IM)ND(A-1) and k=Ax. For each »

P,k € P, (M) = ®(EIM).
Thus by (#)
A-'P,h = E,x € E,

SO

x =, Ex €M N D(4™Y).
nm=l

10. Unsolved problems. The main question left open is the relation be-
tween the multiplicity functions in 8 and 8* on projections of infinite
multiplicity. It was shown in Corollary 8.5 that m(E) =m(E*) for all projec-
tions of finite multiplicity. We have no information on this question. It is
undecided even whether E* has infinite uniform multiplicity when E has
infinite uniform multiplicity. A related question concerns invariant subspaces.
If M is an invariant subspace we may define the multiplicity of % in M. If
P SIN, it is to be expected that mi(E) S my(E), EESB. This is true if B con-
tains no projections of infinite uniform multiplicity, but the question is open
in general.
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